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ON SOME INEQUALITIES FOR s-LOGARITHMICALLY
CONVEX FUNCTIONS IN THE SECOND SENSE VIA
FRACTIONAL INTEGRALS
HAVVA KAVURMACI AND MEVLU¨T TUNC¸
Abstract. In this paper, we establish some new Hadamard type inequalities
for s-logarithmically convex functions in the second sense via fractional inte-
grals by using Lemma 1 which has been proved by Sarıkaya et al. in the paper
[3].
1. Introduction
The following result is well known in the literature as Hadamard’s inequality [1].
Theorem 1. Let f : I ⊂ R → R be a convex function on the interval I of real
numbers and a, b ∈ I with a < b. Then
(1.1) f
(
a+ b
2
)
≤
1
b− a
∫ b
a
f (x) dx ≤
f (a) + f (b)
2
The following definitions is well known in the literature:
Definition 1. A function f : I → R, ∅ 6= I ⊆ R, where I is a convex set, is said
to be convex on I if inequality
f (tx+ (1− t) y) ≤ tf (x) + (1− t) f (y)
holds for all x, y ∈ I and t ∈ [0, 1].
In [2], Akdemir and Tunc¸ were introduced the class of s-logarithmically convex
functions in the first and second sense as the following:
Definition 2. A function f : I ⊂ R0 → R+ is said to be s-logarithmically convex
in the first sense if
(1.2) f (αx+ βy) ≤ [f (x)]α
s
[f (y)]
βs
for some s ∈ (0, 1], where x, y ∈ I and αs + βs = 1.
Definition 3. A function f : I ⊂ R0 → R+ is said to be s-logarithmically convex
in the second sense if
(1.3) f (tx+ (1− t) y) ≤ [f (x)]t
s
[f (y)]
(1−t)s
for some s ∈ (0, 1], where x, y ∈ I and t ∈ [0, 1].
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Clearly, when taking s = 1 in Definition 2 or Definition 3, then f becomes the
standard logarithmically convex function on I.
Definition 4. Let f ∈ L1[a, b]. The Riemann-Liouville integrals Jαa+f and J
α
b−f of
order α > 0 with a ≥ 0 are defined by
Jαa+f (x) =
1
Γ(α)
x∫
a
(x− t)α−1 f(t)dt, x > a
and
Jαb−f (x) =
1
Γ(α)
b∫
x
(t− x)α−1 f(t)dt, x < b
respectively where Γ(α) =
∞∫
0
e−uuα−1du. Here is J0a+f(x) = J
0
b−f(x) = f(x).
In the case of α = 1, the fractional integral reduces to the classical integral. For
some recent results connected with fractional integral inequalities see [3]- [11].
In [3], Sarıkaya et. al. proved the following results for fractional integrals.
Lemma 1. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If
f ′ ∈ L [a, b] , then the following equality for fractional integrals holds:
f (a) + f (b)
2
−
Γ (α+ 1)
2 (b− a)α
[Jαb−f (a) + J
α
a+f (b)]
=
b− a
2
∫ 1
0
[(1− t)α − tα] f ′ (ta+ (1− t) b) dt.
Theorem 2. Let f : [a, b]→ R be a differentiable mapping on (a, b) with a < b. If
|f ′| is convex on [a, b] , then the following inequality for fractional integrals holds:∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣
=
b− a
2 (α+ 1)
(
1−
1
2α
)
[|f ′ (a)|+ |f ′ (b)|] .
In the present paper, we will establish several Hermite-Hadamard type inequali-
ties for the class of functions whose derivatives in absolute value are s-logarithmically
convex functions in the first and second sense via Riemann-Liouville fractional in-
tegral.
2. Hadamard type inequalities for s-logarithmically convex
functions
Theorem 3. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is differentiable.
If f ′ ∈ L [a, b] and |f ′| is s-logarithmically convex functions in the second sense on
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[a, b] for some fixed s ∈ (0, 1] and µ, η > 0 with µ + η = 1, then the following
inequality for fractional integrals with α > 0 holds:∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣(2.1)
≤
b− a
2
{∫ 1/2
0
µ [(1− t)α − tα]
1
µ dt+
∫ 1
1/2
µ [tα − (1− t)α]
1
µ dt
+ η × |f ′ (b)|
s
η ψ
(
s
η
,
s
η
)}
where
(2.2) Ψ (ψ) =
{
1, ψ = 1,
ψ−1
lnψ , 0 < ψ < 1
and ψ (u, v) = |f ′ (a)|
u
|f ′ (b)|
−v
, u, v > 0.
Proof. By Lemma 1 and since |f ′| is s-logarithmically convex functions in the second
sense on [a, b] , we have∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣
≤
b− a
2
∫ 1
0
|(1− t)α − tα| |f ′ (ta+ (1− t) b)| dt
≤
b− a
2
∫ 1
0
|(1− t)α − tα| |f ′ (a)|
ts
|f ′ (b)|
(1−t)s
dt
≤
b− a
2
{∫ 1/2
0
[(1− t)α − tα] |f ′ (a)|
ts
|f ′ (b)|
(1−t)s
dt
+
∫ 1
1/2
[tα − (1− t)α] |f ′ (a)|
ts
|f ′ (b)|
(1−t)s
dt
}
,(2.3)
for all t ∈ [0, 1] . Using the well known inequality mn ≤ µm
1
µ + ηn
1
η , on the right
side of (2.3), we have∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣
≤
b − a
2
{∫ 1/2
0
µ [(1− t)α − tα]
1
µ dt+
∫ 1/2
0
η |f ′ (a)|
ts
η |f ′ (b)|
(1−t)s
η dt
+
∫ 1
1/2
µ [tα − (1− t)α]
1
µ dt+
∫ 1
1/2
η |f ′ (a)|
ts
η |f ′ (b)|
(1−t)s
η dt
}
=
b − a
2
{∫ 1/2
0
µ [(1− t)α − tα]
1
µ dt+
∫ 1
1/2
µ [tα − (1− t)α]
1
µ dt
+ η
∫ 1
0
|f ′ (a)|
ts
η |f ′ (b)|
(1−t)s
η dt
}
If 0 < λ ≤ 1, 0 < u, v ≤ 1, then
(2.4) λu
v
≤ λuv.
4 HAVVA KAVURMACI AND MEVLU¨T TUNC¸
When ψ (u, v) ≤ 1, by (2.4), we get that
(2.5)∫ 1
0
|f ′ (a)|
ts
η |f ′ (b)|
(1−t)s
η dt ≤
∫ 1
0
|f ′ (a)|
st
η |f ′ (b)|
s(1−t)
η dt = |f ′ (b)|
s
η ψ
(
s
η
,
s
η
)
.
From (2.3) to (2.5), (2.1) holds. 
Remark 1. If we take α = 1, in Theorem 3, then the inequality (2.1) become the
inequality∣∣∣∣∣f (a) + f (b)2 − 1b− a
∫ b
a
f (x) dx
∣∣∣∣∣ ≤ b− a2
[
µ2
µ+ 1
+ η × |f ′ (b)|
s
η ψ
(
s
η
,
s
η
)]
.
The corresponding version for powers of the absolute value of the first derivative
is incorporated in the following result:
Theorem 4. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is differentiable.
If f ′ ∈ L [a, b] and |f ′| is s-logarithmically convex functions in the second sense on
[a, b] for some fixed s ∈ (0, 1] and µ, η > 0 with µ + η = 1 and p, q > 1, then the
following inequality for fractional integrals with α > 0 holds:∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣(2.6)
≤
b− a
2 (αp+ 1)
1
p
|f ′ (b)|
s
(ψ (sq, sq))
1
q
where 1/p+ 1/q = 1, and ψ (u, v) is defined as in (2.2).
Proof. By Lemma 1 and since |f ′| is s-logarithmically convex functions in the second
sense on [a, b] , we have∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣(2.7)
≤
b− a
2
∫ 1
0
|(1− t)α − tα| |f ′ (a)|
ts
|f ′ (b)|
(1−t)s
dt
for all t ∈ [0, 1] . Using the well known Ho¨lder inequality, on the right side of (2.7)
and making the change of variable we have∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣(2.8)
≤
b− a
2
(∫ 1
0
|(1− t)α − tα|
p
dt
) 1
p
(∫ 1
0
|f ′ (a)|
qts
|f ′ (b)|
q(1−t)s
dt
) 1
q
.
It is know that for α, t1, t2 ∈ [0, 1] ,
|tα1 − t
α
2 | ≤ |t1 − t2|
α ,
therefore
(2.9)
∫ 1
0
|(1− t)α − tα|
p
dt ≤
∫ 1
0
|1− 2t|αp dt =
1
αp+ 1
.
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Since |f ′| is s-logarithmically convex functions on [a, b] and ψ (u, v) ≤ 1, we obtain
(2.10)
∫ 1
0
|f ′ (a)|
qts
|f ′ (b)|
q(1−t)s
dt ≤ |f ′ (b)|
sq
ψ (sq, sq)
From (2.8) to (2.10), (2.6) holds. 
A different approach leads to the following result.
Theorem 5. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is differentiable.
If f ′ ∈ L [a, b] and |f ′|q is s-logarithmically convex functions in the second sense
on [a, b] for some fixed s ∈ (0, 1] and µ, η > 0 with µ + η = 1 and q ≥ 1, then the
following inequality for fractional integrals with α > 0 holds:∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣(2.11)
≤
b− a
2
q−(1−α)(q−1)
q
(
2α − 1
α+ 1
)1− 1
q
(
µ2
α+ µ
+ η |f ′ (b)|
sq
η ψ
(
sq
η
,
sq
η
)) 1
q
where ψ (u, v) is defined as in (2.2).
Proof. By Lemma 1 and using the well known power mean inequality, we have∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣
≤
b− a
2
∫ 1
0
|(1− t)α − tα| |f ′ (ta+ (1− t) b)| dt
≤
b− a
2
(∫ 1
0
|(1− t)α − tα| dt
)1− 1
q
(∫ 1
0
|(1− t)α − tα| |f ′ (ta+ (1− t) b)|
q
dt
) 1
q
It is easily check that∫ 1
0
|(1− t)α − tα| dt =
2
α+ 1
(
1−
1
2α
)
.
Since |f ′|q is s-logarithmically convex and using the well known inequality mn ≤
µm
1
µ + ηn
1
η , we obtain∫ 1
0
|(1− t)α − tα| |f ′ (ta+ (1− t) b)|
q
dt ≤
∫ 1
0
|(1− t)α − tα| |f ′ (a)|
qts
|f ′ (b)|
q(1−t)s
dt
≤
∫ 1
0
|1− 2t|α |f ′ (a)|
qts
|f ′ (b)|
q(1−t)s
dt
≤ µ
∫ 1
0
|1− 2t|
α
µ dt+ η
∫ 1
0
|f ′ (a)|
qts
η |f ′ (b)|
q(1−t)s
η dt.
It is easily check that
µ
∫ 1
0
|1− 2t|
α
µ dt = µ
1
α
µ + 1
=
µ2
α+ µ
.
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Afterwards, when ψ (u, v) ≤ 1, by (2.4), we get that
(2.12)∫ 1
0
|f ′ (a)|
qts
η |f ′ (b)|
q(1−t)s
η dt ≤
∫ 1
0
|f ′ (a)|
sqt
η |f ′ (b)|
sq(1−t)
η dt = |f ′ (b)|
sq
η ψ
(
sq
η
,
sq
η
)
.
Therefore∣∣∣∣f (a) + f (b)2 − Γ (α+ 1)2 (b− a)α [Jαb−f (a) + Jαa+f (b)]
∣∣∣∣
≤
b− a
2
(
2
α+ 1
(
1−
1
2α
))1− 1
q
(
µ
∫ 1
0
|1− 2t|
α
µ dt+ η
∫ 1
0
|f ′ (a)|
qts
η |f ′ (b)|
q(1−t)s
η dt
) 1
q
≤
b− a
2
(
2
α+ 1
(
1−
1
2α
))1− 1
q
(
µ2
α+ µ
+ η |f ′ (b)|
sq
η ψ
(
sq
η
,
sq
η
)) 1
q
which comletes the proof. 
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